In this paper, we count the number of matrices whose rows generate different Z2Z8 additive codes. This is a natural generalization of the well known Gaussian numbers that count the number of matrices whose rows generate vector spaces with particular dimension over finite fields. Due to this similarity we name this numbers as Mixed Generalized Gaussian Numbers (MGN). The MGN formula by specialization leads to the well known formula for the number of binary codes and the number of codes over Z8, and for additive Z2Z4 codes. Also, we conclude by some prop- 
Introduction
Let Z m be the ring of integers modulo m. Z Most of the work and applications in digital communications is done on binary linear codes. However, due to the relations between the algebraic structures via some special maps which are referred to as Gray maps, the images of codes over non binary rings provide structural binary codes. An important such work is introduced by Hammons et al. [12] and since then, the study on codes over various rings has been of quite interest on Algebraic Coding Theory. One of such a successful attempt is the study of codes which are group isomorphic to additive subgroups of the group Z So this is a generalization of the well known families of (binary and quaternary) codes and are known as additive codes. Additive codes were originally defined by Delsarte in 1973 in the context of association schemes [10, 11] . Puyol at el. in [15] , translation invariant propelinear codes are introduced and these codes shown to be isomorphic to the subgroups of Z , where α + 2β = n [15] . Also, codes defined over two different alphabets which are binary and ternary fields is studied by Brouwer at el. in [9] .
The basic and introductory concepts on Z 2 Z 4 −codes are presented in [7, 4, 8] where the readers can further refer to. An additive code C over Z 2 × Z 4 which is a subgroup of Z and k 2 represents the number of generators of the subgroup C of order 2 that are contributed through the quaternary (Z 4 ) part. Thus, this leads to the following fact that is proved in [8] : an additive Z 2 Z 4 code of type (α, β; k 0 , k 1 , k 2 ) is equivalent to an additive code generated by the following matrix ( [8] )
(P.S. The artificial vertical line only helps to distinguish between the binary and the quaternary parts).
Similar to the discussions above, if C is a Z 2 Z 8 − additive code of type (α, β; k 0 , k 1 , k 2 , k 3 ), then in [1] it is proven that C is equivalent to a code generated by the following matrix ( [1] )
Here k 0 represents the number of order 2 generators that are contributed through the binary part, and respectively, k 1 , k 2 and k 3 represent the number of order 8, 4 and 2 generators 2 that are contributed through the Z 8 part. Note that the order 2 elements from the Z 8 part have the first α components all zero.
This remark will play a crucial role in the main counting theorem in the next section.
We present some facts regarding the duality of this codes which is introduced in [1] .The inner product of two vectors u, v ∈ Z α 2 × Z β 8 is defined as;
The additive dual code of C, denoted by C ⊥ , is then defined as
It is easy to check that C ⊥ is a subgroup of Z
Let C be a Z 2 Z 8 −additive code of type (α, β; k 0 , k 1 , k 2 , k 3 ) with canonical generator matrix 2. Then, the parity-check matrix of C which is the generator matrix of its dual is 
Mixed Generalized Gaussian Numbers
In this section, we present the main theorem of this paper that gives a direct computation of the number of matrices that generate different (not necessarily equivalent) additive codes. First, we present a very moderate example in order to illustrate the problem. Even in this example, getting the exact number may not be easy. As the size of the matrix gets larger the difficulty of counting these matrices becomes a very difficult problem. After stating and proving the main theorem we revisit this example and solve the problem directly.
As mentioned in introduction the counting problem is originated from the study of the number of the subspaces generated by the rows of matrices over finite fields. Recently, there has been some generalizations of these concept on the number of generating matrices of particular types over the ring Z m [17] , over Galois rings [17] and over rings F p + uF p . The main Theorem 2 presents a further generalization to the work done in [17] in a different direction.
Example 1 Let C be a Z 2 Z 8 − additive code of type (2, 2; 1, 1, 1, 0) then all possible matrices are 36 matrices that generate different codes. Here α = 2, β = 2, k 0 = k 1 = k 2 = 1, and k 3 = 0.
1.
here we have 16 possible matrices.
2.
here we have 8 possible matrices.
3.
here we have 4 possible matrices.
where all unknown above are either 0 or 1. So altogether we have 36 generating matrices.
Theorem 2 Let
(number of choices to form an element of order 2 that is contributed through the binary part from all space);
(number of choices to form an element of order 8 that is contributed through the Z 8 part from all space);
(number of choices to form an element of order 4 that is contributed through the Z 8 part from all space); and
(number of choices to form an element of order 2 that is contributed through the
(number of choices to form an element of order 2 that is contributed through the binary part within the code of the given type);
(number of choices to form an element of order 8 that is contributed through the Z 8 part within the code of the given type);
(number of choices to form an element of order 4 that is contributed through the Z 8 part within the code of the given type); and
(number of choices to form an element of order 2 that is contributed through the Z 8 part within the code of the given type).
The number of Z 2 Z 8 additive codes of the type
(P.S. When it is clear from the context we will drop the notation (α,
that explains each computation. Further if any of the parameters
is zero then the N i = 1 and D i = 1.) 
The next corollary shows that the number of distinct linear codes over Z 8 ([18] ) can be obtained via the main Theorem 2.
Corollary 4 Let N 8 (n; k 1 , k 2 , k 3 ) be the number of distinct linear codes of type
In the following we present some applications of Corollary 4. 
Some Connections
In this section, we explore some connections of this formula to other related topics.
q-binomial and multinomial coefficients
In this subsection we introduce some basic well known facts regarding the qbinomials. The main goal is to explicitly write down an identity that relates the q-binomial coefficients with mixed Gaussian numbers.
Let n and q be two positive integers.
[n]
The q -factorial is defined as
Definition 6 [6] ((n, k)-Gaussian coefficient or q-binomial) Let n, k and q be non negative integers such that k ≤ n. Then,
Here, [0] q ! = 1 and if k = 0 then the q binomial coefficient is equal to 1.
The formula (4) has many interpretations. An algebraic interpretation is that it gives the number of vector subspaces of dimension k in F n q where F q is a finite field of order q. This is also equivalent to the number of matrices on the row equivalent form of size k × n and rank k. Also, combinatorially, (4) can also be interpreted as a polynomial in q where the coefficient q k counts the number of distinct partitions of k elements which fit inside a rectangle of size k × (n− k).
A nice survey and a different interpretation of q binomial coefficients via tiling can be found in [2] . Further, some relations between q binomial and classical binomial coefficients, and some special polynomials with their applications to distributions are exposed in [3] .
The very first two well known properties of q binomial numbers are listed below:
A further and natural generalization of q binomial coefficients is q multinomial coefficients. Similar to binomial coefficients q multinomial coefficients have found applications on distribution and hence statistics and physics [21] . An algebraic expression of these numbers is given in [14] and [16] as follows: Let V = F n q be a vector space of dimension n over a finite field F q with q elements.
Let V i be subspaces of V each of dimension n − i j=1 k i where 1 ≤ i ≤ m and
Such a chain of subvector spaces is referred to as a flag of subspaces of length m of V. Then, the number of a flag of subspaces of length m specified above is given by the q multinomial coefficient:
where
In the sequel we relate the q binomial and multinomial coefficients with MGN. First, the following corollary shows that the number of distinct binary linear codes over Z 2 ([13]) of length n can be obtained via the main Theorem 2, by simple observation we get the formula for the 2-binomial coefficients (Gaussian Numbers over Z 2 ).
Now, we relate the main formula (2) with 2-binomial coefficients. To accomplish this task we express the formula for Mixed Gaussian Numbers by standard 2 binomial coefficients. First, we observe the following:
Next, we express all elements in the main formulae by 2 binomial coefficients:
and
Finally,
and further, we have
The right end side of N is shown to be a 2 δ multiple of a special q multinomial.
So, we can state the following result.
Lemma 8
Hence the number of distinct codes of a code having dual code parameters of a code of type (α, β; k 0 , k 1 , k 2 , k 3 ), is then equal to
The following lemma states a condition for the number of codes that equal to the number their duals can be shown by applying the definitions carefully:
As special cases to the previous Lemma , we have the following two corollaries:
Corollary 10 If C is an additive Z 2 Z 8 -code of type (r, s; k 0 , k 1 , 0, 0), then the number of such codes is equal to the number of codes with parameters of its dual.
Corollary 11
The number of additive Z 2 Z 8 -codes that are of type (r, s; k 0 , 0, k 2 , s− k 2 ) and their duals are equal.
A Connection to Z 2 Z 4 Additive Codes
Here, we relate the additive codes over Z 2 × Z 8 with additive codes over Z 2 × Z 4
and hence we also obtain a formula for counting the number of the matrices that generate additive codes over Z 2 × Z 4 .
First we present an explicit example that lists and counts all matrices that generate Z 2 Z 4 additive codes of type (α = 2, β = 2; k 0 = k 1 = k 2 = 1).
Example 12
The generators of Z 2 Z 4 additive codes of type (2, 2; 1, 1, 1) are
here we have 8 possible matrices. where all unknown above are either 0 or 1. So, altogether there are 18 such matrices.
As we see from the above example listing and then counting matrices of special type is a very challenging problem. To avoid such an approach and to achieve this goal first we define an auxiliary map φ from Z 
By making use of the observation and facts mentioned above we easily obtain the following corollary that gives a formula for the number of Z 2 Z 4 additive codes of the type (k 0 ; k 1 , k 2 ) by making use of Theorem 2. 
Corollary 13
N 2×4 (α, β; k 0 , k 1 , k 2 ) = N 2×8 (α, β; k 0 , 0, k 2 , k 3 ).
Some Properties And New Number Sequences
The main theorem produced a formula that also enjoys some properties by its own such as classical and Gaussian binomials do. Here, we present some properties and also some new number sequences that are not recorded yet in the literature [20] .
Lemma 15 Let r, s, k, l, m, t be non negative integers. Also let m ≤ r and
Proof:
since (5) and the last binomials at the very right of both lines of equations are equal to one due to s = k + l.
Lemma 16 Let r, s ∈ Z + .
1.
N2×8(r+1,s;1,1,1,0) N2×8(r,s;1,1,1,0) = 4
2. N 2×8 (r, s; r, s, 0, 0) = 1, N 2×8 (r, s; r, 0, s, 0) = 1, and N 2×8 (r, s; r, 0, 0, s) =
3. N 2×8 (1, r; 1, 1, 1, 0) = 2 4r−9 (2 r − 2)(2 r − 1),
where α ≥ 1, r ≥ 2.
On the other hand,
Hence, we have the result. 3. By definitions it follows.
By definitions it follows.
Besides many sequences that we run into in this research we would like to mention a few of them. N 2×8 (1, k; 1, 1, 1, 1) where k ≥ 3 and the sequence with its first three entries is {42, 10080, 1666560, 239984640, . . .}. This also a new sequence which is not listed in [20] . We present some new sequences that are not recorded in Sloane's "The On-Line Encyclopedia of Integer Sequences (OEIS)" ("http://oeis.org/" accessed on March 8th, 2013) in Table (4) .
Below we conclude the paper by listing some final properties that lead to new sequences whose proofs can be obtained by carefully implementing the definitions.
Lemma 17
1. N 2×8 (j, k; j, 1, 1, 1) = 2 (k−3)(j−1) ·N 2×8 (1, k; 1, 1, 1, 1) for k ≥ 3 and j ≥ 1. 
Conclusion
In this work we established a formula that gives the number of distinct additive Z 2 Z 8 -codes. By specializing the parameters in this formula, we easily obtain the number of distinct codes over the ring Z 8 and Z 2 Z 4 -codes. Further, some properties of this formula that is defined by the authors as Mixed Gaussian numbers are studied and some new number sequences are presented. Since
Mixed Gaussian numbers are generalizations of Gaussian numbers we we believe that there so many properties some that are currently being investigated by the authors that waits to be explored. 
